Abstract. We propose in this letter a relativistic coordinate independent interpretation for Milgrom's acceleration a 0 = 1.2 × 10 −8 cm/s 2 through a geometric constraint obtained from the product of the Kretschmann invariant scalar times the surface area of 2-spheres defined through suitable characteristic length scales for local and cosmic regimes, described by Schwarzschild and Friedman-Lemaître-Robertson-Walker (FLRW) geometries, respectively. By demanding consistency between these regimes we obtain an appealing expression for the empirical (so far unexplained) relation between the accelerations a 0 and cH 0 . Imposing this covariant geometric criterion upon a FLRW model, yields a dynamical equation for the Hubble scalar whose solution matches, to a very high accuracy, the cosmic expansion rate of the ΛCDM concordance model fit for cosmic times close to the present epoch. We believe that this geometric interpretation of a 0 could provide relevant information for a deeper understanding of gravity.
Introduction
The quantity a 0 = 1.2×10 −8 cm/s 2 has long been known in the astrophysical literature as Milgrom's acceleration [1, 2, 3] . It has been used as a critical acceleration in the context of early attempts to describe galactic dynamics without resorting to a dominant dark matter component, but rather in terms of a change in gravitational physics becoming relevant at acceleration scales below a 0 , all of which constitutes the basis for the mostly empirical formulation, known as "Modified Newtonian Dynamics" (MOND) , that fits the data on scales beyond R M (see equation (2) ), that are characterised by accelerations below a 0 [2] . Indeed, the empirical scalings of MOND, first calibrated from analysis of rotation curves of centrifugally supported spiral galaxies, have recently been shown to apply also to the low acceleration regimes of very distinct classes of systems across over 10 orders of magnitude in mass (elliptical galaxies, local globular clusters, dwarf galaxies in the Milky Way and even wide binary star kinematics as measured by the Gaia satellite [8, 15, 9, 7, 13, 10, 16, 14, 11, 5, 12, 6] ).
Within the context of recent covariant extensions to GR constructed to reproduce the MOND phenomenology as a low velocity limit [17, 18] , the regime change from GR at high acceleration (and both low and high velocities) and the modified covariant regime at low accelerations (and both high and low velocities, where in the latter MOND is recovered) is introduced by hand, with a theoretical explanation for this transition still lacking. Further, the fact that a 0 is of the same order of magnitude as cH 0 remains so far unexplained. This has motivated a more recent approach to a 0 in a completely different context: the "emergent" gravity theory proposed by Verlinde [20, 19] in which the relation "a 0 = cH 0 ", taken as an equality and denoted the "Hubble acceleration", plays a central conceptual role within a novel theoretical approach, supported by "insights" from quantum information theory, black hole physics and string theory. Other proposals to endow a theoretical interpretation for a 0 are found in [21, 22] . However, all these proposals are still in their early stages and thus remain highly speculative.
As an alternative theoretical approach to the ones summarized above, we present in this letter a proposal for a coordinate independent geometric interpretation of a 0 within the framework of metric gravity theories. For this purpose, we consider relating this acceleration to a suitable geometric quantity related to the Kretschmann scalar, K ≡ R µναβ R µναβ , which is the most fundamental curvature scalar that contains the Ricci and Weyl contributions to curvature, and thus it should be nonzero in all non-trivial solutions of metric gravity theories, including General Relativity (GR) ‡ .
Assuming a 0 and c as fundamental constants of kinematic nature, dimensional analysis shows that the simplest quantity with units of cm −2 that can be formed by them is the ratio a 2 0 /c 4 . Since the Kretschmann scalar has units cm −4 , the simplest geometric quantity based on this scalar with units cm −2 follows by multiplying it by a surface area and this product should then be matched to the constant ratio a 2 0 /c 4 . This suggests proposing the conservation, along a physically motivated congruence of observers in self gravitating systems, of the product
‡ The Kretschmann scalar appears in the quadratic curvature invariant R − 4Rµν R µν − K of GaussBonnet gravity theory. However, in 4-dimensional manifolds the action from this invariant does not contribute to the dynamics because it becomes a total derivative [23] .
where is suitable length scale characteristic of local or cosmic scales that should be described by appropriate metrics to compute K( ). Notice that (1) is a purely geometric constraint that is independent on the choice of a specific metric theory and/or any assumptions on the the matter-energy sources enclosed by 2-spheres of surface area 4π
2 . As we show along this letter, (1) yields an expression for a 0 that is independent of the mass of local sources and is also consistent with cosmic dynamics as tested by observable cosmological parameters within a FLRW context. Further, (1) can be useful to develop new insights as a constraint on modified gravity theories that could generalize empiric MOND constructions without assuming the existence of dark matter.
It is important to mention that the constraint (1) is different from the "Bounding Curvature Constraint", which we presented and discussed in a recent paper [24] with the aim of providing for stationary galactic systems a geometric interpretation for a 0 that is also consistent with MOND dynamics in scales beyond R M .
Milgrom and Schwarzschild scales
In order to select an appropriate metric to evaluate (1) it is useful to examine the relation between Mass vs Radius for various self-gravitating systems displayed in figure 1 involving the two scales: R M and the Schwarzschild radius R S , first presented in [25] .
together with the present cosmic time Hubble radius R H0 . As shown in figure 1 , giving the range of total baryonic masses extents and characateristic length scales for the various classes of systems shown, the scales (2) arrange these systems along the following patterns: stellar scales (surroundings of isolated stars and compact multiple star systems) characterised by masses up to M ∼ 100 M that are fully enclosed within R M (i.e. R S R M ); cosmic scales (around the Hubble horizon) in which we can identify the characteristic scale = 0 at present cosmic time in (1) with R H0 , as it complies with R M = R S ≈ R H0 , and intermediate galactic scales with R s ∼ R M R H0 . The three lines giving the mass dependences of R S and R M , and the current value of R H0 , which (to current observationally accuracy) intersect at cosmic scales described by an FLRW metric with R M ≈ R H0 . All galactic systems extend beyond R M , whereas compact stellar systems (CSS) are entirely contained within R M and this scale is located in their weak Schwarzschild field. Wide extended binaries (WB) are a special case that we discuss further ahead.
Evidently, probing (1) in a way that incorporates R M is easier in stellar and cosmic scales (see circles in figure 1 ) that allow for a good approximation of the dynamics through simplified and idealized spacetime metrics: solutions of either GR or any other metric theory. For compact stellar systems this suggests computing K( ) for a weak field Schwarzschild metric (black circle at the left in figure 1 ) and evaluating the product at ∝ R M , since for such systems R M , so that we can ignore at scales around R M all structural details and describe these systems as point sources in such field (rectangle marked by CSS in figure 1 ). Likewise, we can follow the same steps for probing (1) at cosmic scales of the order of magnitude of the Hubble horizon: compute (1) for an FLRW spacetime metric (thick black dot at the right in figure 1 ) and evaluate the product also at R M and t = t 0 , which considering that
The red and blue lines respectively denote the Schwarzschild and Milgrom radii R S and R M , the thick horizontal black line is the Hubble radius R H at t = t 0 . The abbreviations CSS, WB, GC, EG, SG and GC respectively stand for compact stellar systems, wide binaries, globular clusters, elliptic galaxies, spiral galaxies and clusters of galaxies. Masses and characteristic radii correspond only to visible matter (see references cited in [25] ). 0 = R H0 ≈ R M , means evaluating this product at the Hubble horizon (intersection of three length scales in figure 1 ).
The same procedure described above to probe (1) can be undertaken for any viable alternative gravity theory by using its solutions (metrics) that describe far fields of compact stellar systems and cosmic scales, as the latter must fit the same observations at these scales that have been successfully fit by GR solutions given by the Schwarzschild weak field and FLRW metrics. In other words, solutions of the field equation of any viable alternative metric theory should be quantitatively close to those of GR for compact stellar systems and cosmic scales, in the latter case, once the dynamically dominant dark energy and dark matter hypothetical components are calibrated so as to match astronomical observations.
For intermediate galactic scales, probing (1) becomes a more complicated task, as in this case it is harder to select an exact appropriate spacetime metric to compute K( ) in the region where R M is located in order to evaluate this constraint. The reason is that (as shown by figure 1) R M lies within the self-gravitating body in the midst of a matter-energy distribution that is much harder to describe through simple metrics.
It is important to mention that R M does not hold for wide extended binaries [8, 26, 27] . In this case we have two stars separated from each other by very large distances comparable or larger than the values R M for each of the individual stars. Hence, the characteristic scale must be associated with the average distance of the individual stars to the center of mass (see rectangle marked by WB in figure 1 ). Since we do have an effective 2-body system at = R M , we cannot use the weak field Schwarzschild metric to compute K( ) as in compact stellar systems. This situation is more similar to that of galactic systems. Moreover, recent research [27] shows changes in the dynamics of extended binaries at characteristic scales R M , thus suggesting that analogous effects could also occur in isolated stellar systems at these scales and beyond, though this remains speculative as there is currently no observational evidence of this happening.
Milgrom's acceleration for local isolated sources
These systems include isolated stars (from neutron stars to red giants) with typical radii of ∼ 10 − 10 9 km and masses in the range M ∼ 0.01 − 100 M , as well as compact binaries for which can be qualitatively similar to the average center of mass distance of individual stars (of the order of several hundreds astronomical units). For such systems Milgrom's length scale R M is of the order of 0.03 pc, in the far field well beyond .
A first order description of the outer weak field of isolated stellar sources is furnished by the Schwarzschild weak field metric:
where we have assumed that r 2GM/c 2 holds and is also much larger than the characteristic scale . To probe the geometric constraint (1) we consider the family of 2-spheres, parametrized by the curvature radius r, generated by the intersection of the rest frames of static observers in (3) (moving along a timelike Killing field) and the world tube in 4-dimensional spacetime generated by the worldlines of these observers. The product of the Kretschmann curvature scalar for (3) times the surface area of the 2-spheres is:
and should be evaluated at the characteristic radius r = = αR M , where α > 0 is a proportionality constant of O(1) that we evaluate further ahead. The result is:
which does provide an appealing coordinate independent geometric definition for a 0 , as it holds universally for all masses M that are wholly contained within within R M in a weak Schwarzschild field (3), irrespective of any assumption on the type of matter making up the source.
The cosmological context

Consistency between local and cosmic scales
We now apply the geometric constraint (1) to a cosmological context described by the metric of homogeneous and isotropic spatially flat FLRW models § . Thus, the metric is now given by: where H 0 = [ȧ/a] 0 has units of sec −1 (a dot and subindex 0 will denote time derivative and evaluation at present cosmic time, respectively, where a(t 0 ) = 1). In order to probe (1), we need to compute the Kretschmann scalar for the FLRW metric (6) and multiply it by the surface area of a suitable collection of 2-spheres associated with a characteristic FLRW length scale. To keep a consistent approach to that followed for local sources, we should evaluate (1) at = R M , but as shown in figure 1 at present day cosmic scales we have R M ≈ R H0 , which suggests using the time dependent Hubble radius R H :
which is the most fundamental length scale for an FLRW metric, as it can be defined in a covariant manner as the divergence of the 4-velocity field u a of fundamental cosmic observers, and is independent of spatial curvature or assumptions on matter-energy sources (independent even of the assumed metric gravity theory). The constraint (1) for 2-spheres associated with R H becomes then
where the deceleration parameter q is defined as q ≡ −aä/ȧ 2 = −(1 +Ḣ/H 2 ). To keep consistency with the approach followed with local sources that resulted in (5), we demand that (8) be constant. Hence, we impose the following conservation law preserving the constraint (1) now through the fluid flow associated with fundamental cosmic observers, leading to the following very appealing form
To be able to use this constraint we consider q 0 = −0.5275, which emerges from the Planck 2015 results [28] under the assumption of a fit to a ΛCDM model with matter (CDM plus baryons) density parameter Ω m 0 = 0.315 and Ω Λ 0 = 0.685. However, notice that we use this value for the sole purpose of calibration, as it is an empiric result obtained by observations that should be valid in any viable gravity theory under consideration.
Comparing (5) with (9) we obtain the following expression relating a 0 with observable cosmological parameters
where the third quantity is the well known numerical correspondence between a 0 and H 0 ≈ H 70 [3] . Considering the numerical value 1 + q 2 0 = 1.277 that we have used to calibrate the solutions emerging from the constraint (9) through the latest observational data, we obtain for the proportionality constant α in (10) the appealing value: α = 1.0511 ≈ 1, that accounts for inaccuracies in the determination of cosmological parameters and for the empiric numerical factor 1/5.83. We have then
which remarkably provides appealing theoretical forms for a 0 and R M , quantities that have been hitherto understood only in terms of empiric fitting formulae of Newtonian MOND. Notice that (11) could also reveal an interesting potentially Machian effect in which present day cosmic scale parameters H 0 , q 0 imprint a signature on the dynamics of self-gravitational systems at galactic scales (similar to the effects appearing in [29] ). Figure 2 . Comparison between the expansion rateĤ(t) (left panel) and scale factor a(t) (right panel), as predicted by the constraint (9)(thick red curve) and as obtained from a ΛCDM model (dotted black curve).
Fit to a ΛCDM model
We explore now the possible connections between (9) and cosmic dynamics. Rewriting this equation in terms ofḢ andȧ = aH and introducing the dimensionless parameterst = H 0 t andĤ = H/H 0 leads to the following differential equation
that can be solved numerically for observed values of q 0 and initial conditionŝ H 0 = a(t 0 ) = 1 for t 0 = 13.7 Gyr. Since dĤ/dt +Ĥ 2 = d 2 a/dt 2 , it is necessary to select the "+" sign in the square root in (12) to obtain a late time accelerated expansion. We examine below the predicted expansion rateĤ(t ) and the scale factor a(t ) obtained from solving numerically (12) . These functions must be compared to their equivalents in a viable gravity theory. Since any proposed gravity theory should reproduce, for times close tot 0 = H 0 t 0 , a cosmic evolution close to that of the ΛCDM model of GR, we compare (for calibration purposes) the solutions of (12) with those of the ΛCDM Raychaudhuri equation
for the parameters Ω m 0 = 0.315, Ω Λ 0 = 0.685. As shown in figure 2 , the solutions of (12) predict forms forĤ(t ) and a(t ) that closely match those obtained for ΛCDM solutions of (13) in their late time evolution (0.77 <t < 1.6), i.e. from the onset of the accelerated expansion. A more accurate description of the fit is displayed by plottingĤ(z) and a(z) in the close past range range 0 < z < 0.2 (left panel of figure  3 ), while the right panel displays the logarithm of the relative differences. Notice how the fit for a is much tighter than that ofĤ, though the error in the Hubble factor is still well under 1% in this range of redshifts.
Equation of
state. An interesting comparison between the predictions of the ΛCDM model and those from the cosmological implications of the constraint (9) comes from calculating the equation of state parameter, w = p/ρ, that would result from an effective GR solution for which H is given by solutions of (12) 
where we used (9) andĤ 0 = 1. Choosing (for calibration) the Planck value Ω m 0 = 0.315 together with q 0 = −0.5275, we obtain w 0 = −1.0260, which is a very close fit to the ΛCDM value w = w 0 = −1. In fact, the slight deviation from w 0 = −1 fits very well the various attempts to estimate empirically a dynamical dark energy distinct from a cosmological constant [30] .
Concluding remarks
We have provided an elegant geometric interpretation for Milgrom's acceleration a 0 by means of the preservation of κ, defined in (1) as the product of the Kretschmann scalar invariant times the surface area of a collection of 2-spheres defined by physically motivated congruences of observers, whose radius is the characteristic length scale R H associated with a 0 . This is a purely geometric covariant constraint that does not depend on any assumption on the nature of matter sources, and can be, in principle applicable to any self-gravitating system and in any metric gravity theory that fulfills the equivalence principle.
We considered Schwarzschild and FLRW geometries to calibrate and probe constraint (1), selecting as characteristic length scales the radius R M (Schwarzschild weak field of stellar systems) and the Hubble radius R H ≈ R M that can be defined for any cosmological FLRW model. While the Schwarzschild and FLRW metrics are GR solutions, they provide a very precise fit to observational data at solar system and cosmic scales. Thus, any proposed alternative gravity theory must also be calibrated to fit this data at these same scales where these GR solutions yield accurate descriptions (once dark matter and dark energy are assumed and calibrated at galactic and cosmic scales).
By comparing κ for small and large scales (calibrated by Schwarzschild and FLRW geometries), we obtained in (11) a very appealing theoretical interpretation for the (still unexplained) empiric relation between the accelerations a 0 and cH 0 and for the 'Newton to MOND' transition scale. This interpretation might provide a signature of observable cosmic scale parameters q 0 , H 0 in the dynamics of local systems in scales below R M . The implications of (1) in cosmic dynamics yields the expansion rate H and scale factor a of an FLRW model that closely mimmic those of the ΛCDM model for cosmic times from the onset of the accelerated expansion (see figure 2 ). This fit is very accurate for times and redshifts close to the present epoch (see figure 3) .
We fully acknowledge the limitations our our results: we have only tested this interpretation for Milgrom's acceleration in the very basic and highly symmetric Schwarzschild and FLRW spacetimes. Still, this geometric constraint could provide a useful insight for testing and constructing modified theories of gravity. Further, testing this proposal in galactic scales remains an urgent unfinished task that requires further work: as shown in [24] , it might be necessary to modify the constraint (1) to provide also a satisfactory fit to the more complicated dynamics of galactic systems (this possible modification is still work in progress). We are also considering possible theoretical connections with lattice structure models [31, 32] , cosmological holographic proposals [33] and the "emergent" gravity proposal [20, 19] .
We believe that we have provided sufficient elements to question the possibility that the results we have presented follow from a mere coincidence. Rather, we believe that these results provide a useful clue for a better understanding of gravity.
